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Recap: Zt4[E]T

 JFEIIFHESHIMLEG T AR ESET R FRIS/N 3
N N K
LO) = —) logp(yi|xi,0)=—) logN(yi|x;0,0%) y
i=1 i=1

= —ilo L ex _(y,-—x,.TO)z
B — g\/27r(72 P 202

The second term is constant.
= minimizing £(0) = solving the least-squares problem.
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« FENIASZIRY (g, x2) FERTH (64, 62)

x1 = Llcos(0y) — L2cos(0; + 05)

vy = Llsin(f;) — L2sin(0; + 05)
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* PSEHEIGIF: HURE

« FENIASZIRY (g, x2) FERTH (64, 62)

(x,x,)
elbow
vy = L1 cos(fy) — L2 cos(0y + 0,) up \\
vy = L1lsin(0;) — L2sin(0; + 0,) \ N
/
/ elbow
/  down
/
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K
p(x) = ZﬂkPk(X),
k=1
K
0<m <1 ) m=1
k=1

Tk: mixture weights.
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A Gaussian mixture model is a density model where we combine a finite
number of K Gaussian distributions N'(x | g, Xx) such that

K
p(x| 6) = " mN(x | sk, )
k=1

K
OS'TrkS].,ZTka].,

where 0 := {p,k,zk,ﬂ‘k | k = 1,...,K}.
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0.301
-==Component 1
—_ ~==Component 2
.29 === Component 3
—— GMM density
0.201
= 0.15
0.10-
0.05 -
0.00 1
= ) 0 2 4 6 8
€T

p(x | @) =0.5N (x| —2,0.5) +0.2N (x| 1,2) + 0.3N(x | 4,1).




Hx W 2 BT

VNI

p3 044,
@“‘Wﬂﬂl
A

{90

S/

14



AL

3L

o [BIRRIR

A dataset X = {x1,x2,...,Xn}, where each x; is drawn i.i.d. from an
unknown distribution p(x).

Parameters: 0 := {py, Xy, 7 | k=1,...,K}.
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X ={-3,-25,-1,0,2,4,5}.
K=3
p1(x) = N(x | =4,1), p2(x) = N(x]0,0.2), p3(x) = N(x|8,3).

T =mp =m3 = 1/3.

0.30 -—— mN(z|m, a})
——— mN(z|u2,03)
- Tf:u'\"(-l‘[/l:;- U“;)

—— GMM density
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By the i.i.d. assumption, we have the factorized likelihood

N K
p(X | 0)=]]p(xi|6), p(xi|0)=>D mN(xi|p,Zk)-
i—1

k=1

Then the log-likelihood is

N N K
L:=logp(X [0)=> logp(xi|0) =" logy mN(xi|p,Zk).
i—1 i=1 k=1
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X:I'_ | Q% \%U %‘FI' Necessary conditions for a local optimum of L:
oL " dlog p(x; | 6)
—=0" < =07
Opa ; Opa
N
oL o7 dlogp(x; |0)
o =0 = ; o5, ~ 0
oL . dlog p(x; | 8)
8—’”,( =0 < ; 871'/( = 0.
Applying the chain rule:
Ologp(x; |6) 1  Op(x;|0)
00 — p(x; | 0) 00
and

1 1
o — K .
Zj:l miN (xi | pj, X))
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given by

DR THESALISE

Theorem [Update of the Means]

The update of the mean parameters ux, k =1,..., K, of the GMM is

SN L ri
SN i

new __

i

Theorem [Update of the Covariances]
The update of the covariance parameters Xy, k =1,..., K, of the GMM
is given by

1

N
R = Ne > ri(xi = i) (xi — pac) T,
i—1

where
TN (Xi | ok, Xik)

S N (xi | g, 2)

ik *=

. N
and Nk = Zi:l lik-

Theorem [Update of the Mixture Weights]

The update of the mixture weights of the GMM is given by

N b

new

—1,....K.

@ N: the number of data points.
o Nk = Z,N:1 rik-
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0.30 e :1.‘\‘"[.l'|;:|.ﬂf) 0.301 ” ——— mN(z|py, nf]
” 7N (e]2, o) 7N (xlpiz, 73)
0.25 e mN(z|p3.03) 0.251 e mN(z|p3,03)
— GMM density — GMM density
0.20 .20
£0.15 = 0.151
0.10 0.10
0.05 0.05
0.00 0.004
-5 (0 5) 10 15 -5 0 5] 10 15
@I 1

@ [ - —4 — —2.7.
Q /,1,220—)—0.4.
Q ,11,328—)3.7.
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0.30 -== mN(z|m, 07) 0.35 --= mN(z|m,0})
maN (|12, 03) moN (| ptz, 03)
2 2 0.30 = 2
0.25 -== mN(z|u3,03) == mN(z|us,03)
—— GMM density 0.25 = GMNMI density
0.20
= _0.20
=0.15 =
0.15
0.10 0.10
0.05 0.05
0.00 0.00+
s = 0 2 4 6 8
r (

(a) GMM density and individual components (b) GMM density and individual components
prior to updating the variances. after updating the variances.

° 07:1—0.14.
® 05:0.2— 0.44.
® 03:3— 153
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0.35 -—= mN(z|m.0f) 0.304 e MmNz, 02)
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Axial

Original Image, slices: [90, 110, 130]
Coronal

Image intensities histogram

40000 A

35000 A

30000 -

25000 -

20000 -

15000 A

10000 A

5000 A




EFEIRD

E""
|LLI|
—

l

- RIXDEEIR, ERHEEERNE

* B IFBmEHEAKpU|D)

- ERIMUHENREK-means, REefS2lhard label, BBAXNRTERER
Y. BAIEXRT "XTR/REUEEER" NERER.




FEGSE

I}
—

l

- ARIENMENEN, Ffi18pUID) « p(D|Dp()

* DE->AERRATHERSEERIIM AR



E""
T
—

EFERD

l

- RIENMENEN, Ffi18pUID) qpDID||pU)

- DEI->FRELTHE

Jde=l

NI 2 FEz K
I K
k

Inp(D|p, =, 7) = B In{ ) |mgN (| i, Z )

Brain image histogram
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Segmentation at iteration 0
Axial Coronal

Original Image, slices: [90, 110, 130]

Axial Coronal Sagittal

Brain image histogram
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Axial

Axial

Class: 2
Coronal

Class: 3
Coronal

Sagittal

Sagittal

Sagittal
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